The Principal Chiral Model (PCM) defined on the group manifold of SU (2) is here investigated with the aim of getting a further deepening of its relation with Generalized and Double Geometry. A one-parameter family of equivalent Hamiltonian descriptions is introduced, and cast into the form of Born geometries. Then O(3, 3) duality transformations of the target phase space are performed and we show that the resulting dual models are defined on the group SB(2, C) which is the Poisson-Lie dual of SU (2) in the Iwasawa decomposition of the Drinfel'd double SL(2, C). Moreover, starting from the Lagrangian approach, a new kind of duality is found between the SU (2) PCM and the natural one defined on SB(2, C) which is not an isometry of the target phase space. A parent action with doubled degrees of freedom and configuration space SL(2, C) is then defined that reduces to either one of the dually related models, once suitable constraints are implemented.
Introduction
Duality symmetries play a fundamental role in String Theory since they provide a powerful tool for investigating the structure of the target spacetime from the string point of view by relating, in the usual sigma-model approach, backgrounds which otherwise would be considered different. The Abelian T-duality [1, 2, 3] (where T stands for Target-space) is a well-known example of them. It is a distinctive symmetry of strings since, differently from particles, one-dimensional objects can wrap d non-contractible cycles. This implies the presence of winding modes w a (a = 1, . . . d) that have to be added to the ordinary momentum modes p a which take integer values along compact dimensions. The Abelian T-duality is then an O(d, d; Z) string symmetry under, roughly speaking, the mapping of the radii of the compact dimensions into their inverse, together with the exchange of momentum and winding modes: in this way it establishes a connection between two apparently different but dual target spacetimes. From the sigma model point of view, the necessary condition to work out a dual to some background was, initially, that the latter possess an Abelian group of isometries [4, 5, 6] excluding in this way many physically relevant classical string vacua from being considered.
After the work in ref. [7] , it was understood that T-duality symmetries could also be associated with the non-Abelian isometries of the target manifold and, subsequently, the notion of Abelian and non-Abelian T-duality was extended to the one of Poisson-Lie T-duality [8, 9, 10] . Briefly, the term Abelian T-duality refers to the presence of global Abelian isometries in the target spaces of both the paired sigma models; non-Abelian T-duality refers to the existence of a global Abelian isometry on the target space of one of the two sigma-models and of a global non-Abelian isometry on the other. Finally, the Poisson Lie T-duality generalizes the previous definitions to all the other cases, including the one of a pair of sigma models both having non-Abelian isometries in their target spaces.
Beyond the string world-sheet action, a category of models that reveal themselves to be very helpful in understanding the above mentioned T-dualities is provided by sigma models whose carrier space is a Lie group G with g its Lie algebra. Studying these models has led to abandoning the requirement of the existence of isometries for the target spaces as the condition for the existence of dual counterparts. Actually, for getting these latter, the relevant structure reveals to be the one of Drinfel'd double for G together with the well-established notion of Poisson-Lie symmetries [11, 12, 13, 14] . A Drinfel'd double is defined as any Lie group D such that its Lie algebra d can be decomposed into a pair of maximally isotropic sub-algebras with respect to a non-degenerate invariant bilinear form on d. An isotropic subspace of the Lie algebra d is such that the bilinear form evaluated on any couple of vectors lying in that subspace vanishes; maximally isotropic means that the subspace cannot be enlarged while preserving the property of isotropy. Any decomposition of the Lie algebra of the double D into a pair of maximally isotropic subalgebras g ✶g = d is referred to as a Manin triple. For every such decomposition of the Drinfel'd double, it is possible to define a couple of sigma-models having as target-spaces the dual groups G andG. Hence, every sigma-model has its dual counterpart for which the role of G and its dualG is interchanged. The set of all the Manin triples corresponding to a given Drinfel'd double plays the role of the modular space of sigma models mutually connected by Poisson-Lie T-duality transformation. In particular, for the manifest Abelian T-duality of the string model on the d-torus, the Drinfel'd double is D = U (1) 2d and the set of all the Manin triples corresponding to it, i.e. its modular space, is O(d, d; Z) [10] .
Also independently from String Theory, non-linear sigma models have been investigated in relation to Poisson-Lie duality by many authors (see for example [15, 16, 17, 19, 20, 21, 22, 23] and refs. therein). A closer approach to the one which will be pursued in the paper has been adopted in [24] , [25] .
The analysis of sigma models having as carrier space a Drinfel'd double Lie group D definitely gives a deeper understanding of the role played by the so-called Doubled Geometry in describing the dynamics on the tangent bundle T D ≃ D × d, establishing in this way also a connection with aspects of Generalized Geometry (GG). As it is well-known, GG was introduced by N. J. Hitchin in ref. [26] (see also ref. [27, 28] ). It is based on two premises -the first consists in replacing the tangent bundle T of a manifold M with T ⊕ T * , a bundle with the same base space M but fibers given by the direct sum of tangent and cotangent spaces, and the second in replacing the Lie bracket on sections of T , that is vector fields, with the Courant bracket which involves vector fields and one-forms. The formal setting of GG has revealed itself to be very suitable in describing the geometric aspects of Double Field Theory (DFT) [29, 30, 31, 32, 33] . Doubled Geometry DFT provides a proposal to incorporate the Abelian T-duality of a compactified string on a d-torus T d in a (G, B)-background as a manifest symmetry of the string effective field theory. More precisely, DFT is supposed to be an O(d, d; Z) manifest spacetime effective field theory that should derive from a manifestly T-dual invariant formulation of a string worldsheet action in which T-duality is made manifest. Such a formulation was proposed in ref.s [3, 34, 35] and later developed in ref.s [36, 37, 38, 39, 40, 41, 42, 43] (see more recent works in [44, 45, 46, 47, 48, 49] ). This string action has to contain information about windings and therefore it is based on two sets of coordinates: the usual string coordinates x a (σ, τ ) in the target space, having the momenta p a as conjugate, and the dual coordinates,x a (σ, τ ) having the winding modes as conjugate momenta. In this way the O(d, d; Z) duality results to be a manifest symmetry of the world-sheet action even paying the price of loosing the manifest covariance in the world-sheet two dimensions. A doubling of all the N spacetime degrees of freedom in the low-energy effective action first occurred in refs. [50, 51, 52, 53] where a manifestly O(N, N ; R) effective action in the target space was obtained, and such symmetry was realized linearly, loosing this time the manifest Lorentz invariance in the target space. In order to understand the role of doubled and generalized geometry in a simpler context, the doubling of degrees of freedom has been analyzed in the context of finite-dimensional dynamical systems, such as the dynamics of an electron in presence of a uniform distribution of magnetic monopoles, in ref. [54, 55] , where the doubling is justified by the otherwise violated Jacobi identity for the algebra of observables. 1 . Moreover, the occurrence of such structures has been recently found in refs. [61] in the context of noncommutative gravity.
It is then clear that models whose carrier space of the dynamics is the manifold of a Lie group can be very helpful in better understanding T-duality and doubling of the degrees of freedom. The dynamics of a physical system on the Drinfel'd double D is described by a generalized action where the T-duality provided by the exchange of the two counterparts G and G * is made manifest. The formulation of Double Field Theory on group manifolds, including its relation with Poisson-Lie symmetries, has been studied in refs. [62, 63] . For recent results see refs. [64, 65] . This is the second of a series of two papers. In the first one [66] , we have studied the three-dimensional isotropic rigid rotator (IRR) that provides the simplest one-dimensional sigma model having R as a source space and the group manifold SU (2) as target space. We have then introduced a model with target space the dual group SB(2, C) and considered the symmetry properties of the two models within the extended model on the Drinfel'd double SL(2, C), formulated in terms of a parent action. In particular, we have emphasized how a natural parahermitian structure emerges on the Drinfel'd double and can be used to provide a doubled formalism for the pair of theories. The IRR model is too simple to exhibit symmetry under duality transformation, being a 0 + 1 field theory but it has paved the way for a genuine 1+1 field theory, the SU(2) Principal Chiral Model which, while being modeled on the IRR system, 1 Violation of Jacobi identity can be related to the violation of associativity of the star product of the quantized theory [56] . See refs. [57, 58, 59, 60] in relation to the problem of finding an associative star product for the electron-monopole and related problems.
certainly exhibits interesting properties under duality transformations: therefore, the SU (2) Principal Chiral Model is the topic of this second paper.
More precisely, we elaborate on an old intuition due to S. G. Rajeev, contained in a largely overlooked paper going back to the 80's [67] where the principal SU (2) chiral model is shown to exhibit a whole one-parameter family of alternative Hamiltonians and alternative Poisson algebras, all equivalent from the point of view of the dynamics [also see ref. [68] where the construction is extended to the Wess-Zumino Witten model, and ref. [69] where the integrability is analyzed in terms of Lax pairs]. The model is described in the Hamiltonian approach by a pair of fields J i (t, σ), I i (t, σ), the so-called currents, which are valued in the phase space T * SU (2), that we shall refer to as the target phase space. The whole construction relies on the generalization of the affine algebra of currents, associated with the semi-direct sum su(2)(R) ⋉ a(R), being a an Abelian Lie algebra, to a fully semi-simple Kac-Moody algebra which is either su(2)(R)⊕su(2)(R) or sl(2, C)(R). Interestingly, this construction can be understood in terms of Born Geometry [70, 71, 72, 73] , which we shortly review and adapt to our model. By slightly generalizing the Poisson Kac-Moody algebra with the introduction of a second parameter, and performing an O(3, 3) transformation over the target phase space, we show that a family of sigma models with target configuration space the group manifold of SB(2, C) is obtained, which deserves the name of T-dual models. Moreover, the vanishing value of either of the two parameters corresponds either to the original PCM with canonical splitting of its current algebra, or to a sigma model on the dual Lie group and current algebra sb(2, C)(R) ⋉ a(R), leading to an interesting generalization of T-duality.
The paper is organized as follows.
In Section 2 the results obtained in ref. [66] are reviewed for the isotropic rigid rotator thought of as a dynamical model over the group manifold SU (2) with a dual partner defined on the dual group SB(2, C). The two groups appear in the Iwasawa decomposition of the Drinfel'd double SL(2, C) whose structure is recalled together with the one of its Lie algebra sl(2, C) ≃ su(2) ✶ sb(2, C).
In Section 3 the generalization of the dynamics of the rigid rotor to the SU (2) Principal Chiral Model is described in the Lagrangian and Hamiltonian approach, with the introduction of the Poisson algebra of currents, which is the affine algebra su(2)(R) ⋉ a(R). The existence of a whole one-parameter family of alternative Hamiltonians with a fully semi-simple affine algebra sl(2, C)(R) is discussed and its interpretation in terms of Born geometries is analyzed.
In Section 4 a family of T-dual models is introduced in the Hamiltonian formalism and it is shown that the target configuration space for the latter is the group manifold SB(2, C). In Subsection 4.1 a different perspective is adopted. Analogously to what has been done for the Isotropic Rigid Rotator, a natural Lagrangian model is constructed directly on the dual group SB(2, C) and its relation to the dual models introduced previously is analyzed. A new kind of duality emerges in this context.
Finally, in the spirit of Double Field Theory, in order to build a model where the symmetries exhibited by the dynamics are manifest, a parent action is constructed in Section 5 having as target configuration space the Drinfel'd double SL(2, C), hence doubling the degrees of freedom. From it, either of the dual partner models can be recovered, by gauging one of its global symmetries.
Conclusions and Outlook are reported in the final Section 6. An Appendix follows where the current algebras for all models considered are explicitly derived.
The Isotropic Rigid Rotator
In this Section we shortly review the results obtained in ref. [66] for the isotropic rigid rotator as a dynamical model over the group manifold of SU (2), and its dual model having as configuration space the group manifold of the Lie-Poisson dual of SU (2), the group SB(2, C). Moreover, we briefly recall the Drinfel'd double structure of the group SL(2, C) and the bialgebra nature of its Lie algebra sl(2, C) ≃ su(2) ✶ sb(2, C).
The classical action which describes the dynamics can be chosen to be:
with φ : t ∈ R → g ∈ SU (2), * H the Hodge star operator on the source space R, * H dt = 1, Tr the trace over the Lie algebra and g −1 dg the Maurer-Cartan left-invariant one-form on the group manifold. With an abuse of notation, the pull-back map φ * will be omitted since now on.
Therefore the model can be regarded as a (0 + 1)-dimensional, group valued, field theory.
In order to motivate the interest for such a model, it is worth anticipating here that, with g : R 1,1 → SU (2) and R 1,1 the Minkowski spacetime, the action (2.1) generalizes to the one describing the Principal Chiral Model, that is to say, a non-linear sigma model with target space the group manifold of SU (2).
By choosing the parametrization g = y 0 σ 0 + iy i σ i , with (y 0 ) 2 + i (y i ) 2 = 1 and σ 0 the identity matrix, σ i Pauli matrices and the inverse relations
one has:
the left generalized velocities 2 The Lagrangian then reads as:
This yields the following equations of motion:
with L Γ the Lie derivative with respect to Γ = d dt .
The cotangent bundle (left) coordinates are represented by (Q i , I i ) with I i being the left conjugate momenta:
The Hamiltonian is thus H 0 = 1 2 I i I j δ ij with Poisson brackets (see ref. [66] for details) given by:
which lead to the dynamics described by the following equations:
The fiber coordinates I i are associated with the angular momentum components and the base space coordinates g ≡ (y 0 , y i ) to the orientation of the rotator. As well-known, I i are constants of the motion, while g undergoes a uniform precession.
Remarks:
• As a group T * SU (2) is the semi-direct product SU (2) ⋉ R 3 with Lie algebra su(2) ⋉ R 3 and Lie brackets given by:
• The non-trivial Poisson brackets (2.7)-(2.9) are the Kirillov-Souriau-Konstant (KSK) brackets on the dual algebrag .
Starting from these remarks, in ref. [74] the carrier space of the dynamics has been generalized to SL(2, C), the Drinfel'd double of SU (2), which, roughly speaking, can be obtained by deforming the Abelian subgroup R 3 of the semi-direct product above, and a similar generalization has been proposed for the Principal Chiral Model [67] and the Wess-Zumino-Witten Model [68] .
The algebra sl(2, C) is usually described in terms of the generators e i = σ i /2, b i = ie i , i = 1, 2, 3, with Lie brackets
It is equipped with two non-degenerate invariant scalar products:
With respect to the first one (the Cartan-Killing metric), one has two maximal isotropic subspaces, spanned by {e i }, and the linear combinatioñ
Indeed the following relations hold:
The generators {e i }, {ẽ i } span two non-commuting subalgebras of sl(2, C) with Lie brackets:
In particular, {ẽ i } span the Lie algebra of SB(2, C), the dual group of SU (2) with
Each algebra acts on the other one non-trivially by coadjoint action, as it can be read from Eq. (2.16) and therefore we denote the total algebra by sl(2, C) = su(2) ✶ sb(2, C), with ✶ generalizing the semi-direct sum.
Summarizing:
• sl(2, C) can be endowed with a Lie bialgebra structure;
• the role of su (2) and its dual algebra can be interchanged.
The triple (sl(2, C), su(2), sb(2, C)) is called a Manin triple.
The construction can be generalized to any Lie group G. Given d = g ✶g , the group D with Lie algebra d is the Drinfel'd double and G,G are dual groups. For
, with c ij k the structure constants of g and f ij k the structure constants ofg. Therefore D generalizes both the cotangent bundle of G and ofG.
The bialgebra structure induces Poisson structures on the group manifold of the double D which generalize both those of T * G and of T * G and reproduce the KSK brackets on coadjoint orbits of G,G when f ij k = 0, c ij k = 0 respectively. For γ ∈ D and being r = λẽ i ⊗ e i with λ ∈ R the classical Yang-Baxter matrix, the brackets
where γ 1 = γ ⊗ 1, γ 2 = 1 ⊗ γ 2 , r * = −λe i ⊗ẽ i , can be shown to define a Poisson structure on the group manifold [13, 75] . The group D equipped with this Poisson bracket is also called the Heisenberg double of G.
By writing γ as γ =gg, withg ∈G, g ∈ G, it can be shown that these brackets are compatible with the following ones:
where (2.19) and (2.21) are the Sklyanin brackets [76] . Let us now specify to the example at hand with G = SU (2) andG = SB(2, C). One can choose for the latter the parametrizatioñ g = 2(u 0 e 0 + iu iẽ i ) with u 2 0 − u 2 3 = 1 andẽ 0 = 1/2,ẽ i being generators of the Lie algebra sb(2, C), which is going to be specified below. By expandingg as a function of the parameter λ,g(λ) = 1 + iλI i e i + O(λ 2 ), while keeping g = y 0 σ 0 + iy i σ i , one obtains, in the limit λ → 0:
which reproduce correctly the canonical Poisson brackets on the cotangent bundle of SU (2) . Consider now r * as an independent solution of the Yang-Baxter equation r * → ρ = µe k ⊗ e k with µ ∈ R and expand g ∈ SU (2) as a function of the parameter µ, g = 1 + iµĨe i + O(µ 2 ) while keepingg in its original parametrization. By repeating the same analysis as above, one gets back the canonical Poisson structure on T * SB(2, C), with position coordinates and momenta now interchanged. In particular we note that:
Furthermore, it is possible to consider a different Poisson structure on the double [13] , given by:
This is the one that correctly dualizes the bialgebra structure on d when evaluated at the identity of the group D. Indeed, by expanding γ ∈ D as γ = 1 + iλI iẽ i + iλĨ i e i and rescaling r, r * by the same parameter λ, one can show that:
which are the Poisson brackets induced by the Lie bi-algebra structure of the double. One can see that the fiber coordinates I i andĨ j play a symmetric role. Moreover, since the fiber coordinateĨ i appears in the expansion of g, it can also be thought of as the fiber coordinate of the tangent bundle T SU (2), so that the couple (I i ,Ĩ i ) identifies the fiber coordinate of the generalized bundle T ⊕ T * over SU (2).
The dual model
Let us now go back to the two scalar products in the Lie bialgebra, (2.12)-(2.13). With respect to the second scalar product, one has another splitting:
with maximal isotropic subspaces:
The following doubled notation can be introduced:
The first scalar product then becomes:
The second scalar product yields:
With C + , C − being the two subspaces spanned by {e i }, {b i } respectively, one can notice that the splitting d = C + ⊕ C − defines a positive definite metric on d via:
It is immediate to check that the metric H, that will be indicated since now on by double round brackets:
((e i , e j )) := (e i , e j );
namely H is a pseudo-orthogonal O(3, 3) metric. The sum αη + βH is a non-degenerate metric for a suitable choice of the parameters α, β. Notice that the latter can be rewritten as
showing that it is in general not invariant.
In ref.
[66] a dynamical model has been introduced on the cotangent bundle of the dual group T * SB(2, C), with action given by:
with φ : t ∈ R →g ∈ SB(2, C), φ * the pull-back map,g = 2(u 0ẽ 0 + iu iẽ i ), and u 2 0 − u 2 3 = 1. T r was chosen to be the non-degenerate product (2.30) T r := (( , )), which is however only invariant under left SB(2, C) action [66] . The latter defines a non-degenerate left-invariant metric over the fibers,
so that the Lagrangian can be rewritten as:
withQ i = u 0ui − u iu0 + f jk i u juk being the left tangent bundle coordinates defined through the Maurer-Cartan form:
In analogy with the case of the rigid rotor, the equations of motion are easily retrieved:
where L Γ is the Lie derivative with respect to Γ =
Left momenta living on the cotangent bundle are introduced through a Legendre transform:
the inverse metric. By means of the Poisson brackets (see ref.
[66] for details):
one obtains the Hamiltonian dynamicsİ
expressing that the Hamiltonian is not invariant under right SB(2, C) action. By introducing right momenta we would get insteadİ j = 0, consistently with the invariance of the Hamiltonian under left action.
The Poisson brackets of both models, reported in Eqs. (2.7)-(2.9) and (2.40)(2.42), have the structure of a semi-direct product. Moreover the Poisson brackets for the momenta can be retrieved by the Poisson-Lie bracket of the dual group (resp. Eq. (2.19) for the Poisson bracket of the SU (2) momenta, Eq. (2.21) for the Poisson bracket of the SB(2, C) momenta). It is therefore natural to describe this structure as a kind of Poisson-Lie duality and look for a generalized model over the group manifold of the double group, which encodes both models once suitably constrained.
The generalized action
In ref. [66] a generalized action with doubled degrees of freedom has been introduced in the form:
MaurerCartan one-form on SL(2, C) pulled-back to R and (A i , B i ) fiber coordinates of T SL(2, C) . They are obtained by means of the scalar product (2.12) according to:
Upon introducing k = k 1 /k 2 , the Lagrangian can be rewritten in terms of the left generalized coordinatesQ I as follows:
The equations of motion are:
where C IP K are the structure constants of sl(2, C). The matrix kη IJ + H IJ is non-singular provided k 2 = 1, which is going to be assumed from now on. In the doubled description introduced above, the left generalized momenta are represented by:
The Hamiltonian reads then as:
In terms of the components I i ,Ĩ j of P I the Hamiltonian can be rewritten as:
with Poisson brackets (see ref.
[66] for a derivation)
while the Poisson brackets between momenta and configuration space variables g,g are unchanged with respect to T * SU (2), T * SB(2, C).
In order to derive Hamilton equations, it is sufficient to write in compact form:
with C IJ K the SL(2, C) structure constants as specified above in Eqs. (2.52)-(2.54). We have then:
which is not zero, consistently with (2.48).
Summarizing,
• we have obtained a dynamical model with doubled coordinates and generalized momenta;
• the Hamiltonian dynamics is dictated by Poisson brackets for the generalized momenta which reproduce the bialgebra structure of sl(2, C).
These brackets can be obtained from the following Poisson structure on the double, first introduced in ref. [13] :
This is the one that correctly dualizes the bialgebra structure on d when evaluated at the identity of the group D. To this, let us expand γ ∈ D as γ = 1 + iλI iẽ i + iλĨ i e i and rescale r, r * by the same parameter λ. It is straightforward to obtain, on the l.h.s. of Eq. (2.55), the following expression:
while, on the r.h.s. of the same equation, one gets:
By equating the two results, one reproduces the Poisson algebra (2.52)-(2.54), which is the wanted result.
Upon using the compact notation I = iI i e i * ,Ĩ = iĨ iẽ * i , with e i * ,ẽ * i respectively representing the dual bases of e i ,ẽ i , one can rewrite the Poisson algebra as follows:
which is argued in ref. [66] to represent a Poisson realization of a C-bracket for the generalized bundle T ⊕ T * over SU (2). We refer to ref. [66] for details.
In order to complete the analysis, let us look at the Lie algebra of Hamiltonian vector fields associated with the momenta I,Ĩ. Hamiltonian vector fields are defined in terms of Poisson brackets in the standard way:
so that, by indicating with X i = {· , I i },X i = {· ,Ĩ i } the Hamiltonian vector field associated with I i ,Ĩ i respectively, one has, after using the Jacobi identity, the following Lie algebra:
which shows that C-brackets can be obtained as derived brackets, in analogy with the ideas of ref.s [77, 78] , with the remarkable difference that, in this case, they are derived from the canonical Poisson brackets of the dynamics.
In order to get back one of the two models with half degrees of freedom one has to impose constraints. This has been realized in ref. [66] by gauging the global symmetries of the generalized action, namely the SU (2) or SB(2, C) global invariance. The same procedure will be adopted for the chiral model below, therefore we refer again to ref. [66] for details about the gauging of the generalized model described above.
The Principal Chiral Model
The SU (2) Principal Chiral Model represents a natural generalization to field theory of the dynamics of the IRR, as described above. Indeed, the action functional is formally the same, while the field variables are defined on two-dimensional spacetime taking values on the group manifold of SU (2). The possibility of introducing a one-parameter family of Hamiltonian descriptions with modified Poisson brackets, yielding the same equations of motion, was already considered in ref.s [67] , [68] , [69] . We are going to follow that approach in order to show that it naturally yields a family of dually related models. The duality transformations which we shall find will be shown to be of Poisson-Lie type.
A Principal Chiral Model is a two-dimensional field theory with target space given by a Lie group G and source space given by the two-dimensional spacetime R 1,1 endowed with the metric s αβ = diag(−1, 1).
The action may be written in terms of fields φ : (t, σ) ∈ R 1,1 → g ∈ G and Lie algebra valued left-invariant one-forms whose pull-back to R 1,1 may be written as
so to have:
where trace is understood as the scalar product in the Lie algebra g, and the Hodge star operator acting as *
3)
The analogy with the IRR dynamics is obtained by choosing the Lie group SU (2) as target space for the dynamics , i.e. φ : R 1,1 → SU (2), so that the action S is written in terms of the left-invariant one-form g −1 dg that takes values in su (2), in which case the scalar product in Eq. (3.3) is effectively the trace over the Lie algebra. One thus has:
A remarkable property of the model is that its Euler-Lagrange equations
may be rewritten in terms of an equivalent system of two first order partial differential equations, introducing the so called currents, as it is customary in the framework of integrable systems: 6) and the Lagrangian becomes:
The existence of a g ∈ G that admits the expression of the currents in the form (3.6) is guaranteed by Eq. (3.9), that can be read as an integrability condition. Moreover, if the usual boundary condition for a physical field is imposed: 10) one has that g is uniquely determined from (3.6). 3 At fixed t, all the elements g satisfying the boundary condition (3.10) form an infinite dimensional Lie group G(R) ≡ Map(R, G), given by smooth maps g : σ ∈ R → g(σ) ∈ G which are constant at infinity [67] . This is a slight generalization of the definition of a loop group which is the group of smooth maps from S 1 to G.
At fixed time, the currents J and A take values in the Lie algebra g(R) of the group G(R), defined as the algebra of functions from R to g that are sufficiently fast decreasing at infinity to be square-integrable. Again, this definition generalizes the one of loop algebra g(S 1 ), and, when g is a semi-simple Lie algebra, the one of Kac-Moody algebra.
The analogy with particle dynamics on Lie groups can be pushed further, by regarding the carrier space of the dynamics as the tangent bundle of G(R). Therefore the tangent bundle description of the dynamics can be given in terms of (J, A), with A being the left generalized velocities and J playing the role of left configuration space coordinates.
Infinitesimal generators of the Lie algebra g(R) can be obtained by considering the vector fields which generate the finite-dimensional Lie algebra g and replacing ordinary derivatives with functional derivatives, thus yielding 11) and their Lie bracket is 12) where σ, σ ′ ∈ R. This Lie bracket is C ∞ (R)-linear and g(R) ≃ g ⊗ C ∞ (R). Notice that the real line R can be replaced by any smooth manifold M and the Lie algebras g(M ) = Map(M, g) are the so called current algebras.
The Hamiltonian Formulation
In order to introduce the canonical formalism, the canonical momenta are defined:
Thus, the Hamiltonian can be written as:
while the equal-time Poisson brackets can be derived in the usual way (see appendix A) to be 17) yielding the equations of motion for the momenta:
where we have used the antisymmetry of the structure constants and the integration by parts.
In a similar way, we get the remaining equations:
The brackets (3.15)- (3.17) show that I and J span the infinite-dimensional current algebra c 1 . In particular, the I's are the generators of the Lie algebra su(2)(R), while the J's span an Abelian algebra a, so that c 1 is the semi-direct sum c 1 = su(2)(R) ⋉ a.
If one extends the analogy with the Lagrangian description of particle dynamics on Lie groups to the Hamiltonian setting, the carrier space of the dynamics can be here regarded as the cotangent bundle of G(R), with the currents (J i , I i ) playing the role of conjugate variables and I the left generalized momenta, while J keeping the role of left configuration space coordinates.
It is possible [67] to give an equivalent description of the dynamics in terms of a new Poisson algebra and a modified Hamiltonian, with the currents playing a symmetric role. By introducing a parameter τ , real or imaginary, the deformed brackets read as:
The modified Hamiltonian reads in turn as:
and, in the limit τ → 0, it reduces to the original Hamiltonian H. Notice that the factor (1 − τ 2 ) is never zero for imaginary τ .
The new brackets correspond to the infinite-dimensional Lie algebra c 2 which, for imaginary τ , our choice from now on, can be easily recognized to be isomorphic to the current algebra modelled on the Lorentz algebra sl(2, C), that is c 2 ≃ sl(2, C)(R) 4 . The Lie algebra c 1 can be recovered in the limit τ → 0.
The new equations of motion read then as:
which coincide with Eqs. (3.18), (3.19) , upon rescaling the currents as follows:
Since now on, we shall keep the same notation for the rescaled fields unless otherwise stated. Under the redefinition (3.26), the rescaled Hamiltonian becomes identical to the undeformed one (3.14), while the Poisson algebra acquires the form:
Once identified the Lie algebra here described by the deformed Poisson brackets, one can define new generators which make it easier to recognize the bi-algebra structure on it. As in the finite dimensional case, we keep the generators of su(2)(R) unmodified and consider the linear combination:
From the deformed Poisson brackets (3.27)-(3.29) it is possible to derive the Poisson brackets of the new generators:
showing that the K's span the sb(2, C)(R) Lie algebra, with structure constants f ij k = ǫ ijl ǫ l3k , while for the mixed Poisson brackets one finds:
where we recognize the structure constants of the Lie algebra sb(2, C), ǫ kjs ǫ s3i = f kj i . Notice that, in deriving the Poisson algebra above one has to use the Jacobi identity for the structure constants of SU (2) with one index equal to 3
In this way, the Lie algebra c 2 ≡ sl(2, C)(R) has been expressed as c 2 = su(2)(R) ✶ sb(2, C)(R), up to a central extension with central charge equal to −1, i.e. just like the affine algebra associated with the Drinfel'd double of the Lie algebra su(2) considered at the beginning. To summarize, upon rewriting the alternative Hamiltonian (3.23) in terms of the new generators, the SU (2) chiral model is completely described by the one-parameter family of Hamiltonian functions
with Poisson brackets given by:
yielding the interesting result that the Principal Chiral Model with compact target space may be described in terms of a non-compact current algebra. This result can be traced back to the fact that the cotangent bundle of the group SU (2) is symplectomorphic to the group SL(2, C).
We shall see in the next section that this is not the case for the cotangent bundle of the dual group of SU (2).
Remarkably, the Hamiltonian (3.34) may be rewritten in terms of a Riemannian metric which we choose to denote as an inverse metric, H τ −1 , for reasons that will be clear in a moment. By introducing:
where it has been defined, for future convenience:
one has indeed:
Let us observe that the metric H τ −1 coincides with the inverse of H defined in (2.30) for τ = −i,
33). Moreover one has:
for the inverse metric of h ij (τ ). In terms of the compact notation I J = (I j , K j ), one can rewrite the Hamiltonian as:
Thus, summarizing the results of this section, we have a whole family of models, labelled by the parameter τ , which are related (and indeed equivalent) to the standard SU (2) chiral model by the linear transformation (3.30), which can be checked to be a O (3, 3) transformation. This transformation is a symmetry of the dynamics because it maps solutions into solutions.
Poisson-Lie structure
The PCM, in the formulation given by the Hamiltonian in Eq. (3.40), together with the Poisson algebra (3.35)-(3.37), is a Poisson-Lie sigma-model according to the following analysis.
Keeping in mind that K i , I i are coordinate functions for the target phase space of the model, SU (2)⋉g, with K i base coordinates and I i fiber coordinates, we associate to K i the Hamiltonian vector fields (2.57)
spanning the fibers which are isomorphic to the vector space R 3 . Because of the non-trivial Poisson bracket (3.36), the latter becomes a non-Abelian algebra according to the following (cfr. Eqs. (2.58)-(2.60)):
Hence, we obtain the dual Lie algebra sb(2, C), and in the limit τ → 0 we recover the Abelian structure of the starting model over T * SU (2). A dual formulation of this property can be given in terms of the Hamiltonian vector fields associated with the currents I i , say X i . By repeating the analysis above, they can be seen to close the Lie algebra of su (2), hence, they can be regarded as one-forms over the dual Lie algebra, which has become non-Abelian, according to the computation above. We have then:
reproducing, in this way, the commonly used definition of Poisson-Lie structure.
A family of Born geometries
We have just seen in Sect. 3.1 how the deformation of the Poisson algebra c 1 = su(2)(R) ⋉ a into c 2 = sl(2, C) induces an alternative formulation of the Hamiltonian dynamics of the Principal Chiral Model with target space SU (2). In this formulation we have seen the Riemannian metric H −1 τ (3.38) emerging in the definition of the alternative Hamiltonian H τ (3.40). In order to understand the geometric meaning of such metric, let us take a step back to the original Hamiltonian H (3.14). We can write the undeformed Hamiltonian as
where I I = (I i , J i ) are components of the current 1-form on T * SU (2) and
is a Riemannian metric on T * SU (2). In other words, the Hamiltonian description of the Principal Chiral Modelon SU (2) naturally involves the Riemannian metric H −1 0 on the cotangent bundle. Interestingly, the metric (3.47) can be interpreted as one of the structures defining a leftinvariant Born geometry on T * SU (2). In the present case the transformation defining a Born geometry, as detailed below, acts as an O(3, 3) transformation of the target phase T * SU (2).
The concept of Born reciprocity giving rise to Born geometries has been first introduced, up to our knowledge, by Freidel and collaborators in [70] , in order to provide a new point of view on string theory in which spacetime is a derived dynamical concept. We shall see that the family of models which we have described in the previous section can be related with such interpretation, with the phase space of the chiral model regarded as dynamical. Born reciprocity is thus implemented as a choice of a Lagrangian submanifold of the phase space, in our case governed by the parameter τ , and amounts to a generalization of T-duality. In this approach the phase space of the model can be understood in terms of dynamical bi-Lagrangian manifolds whose geometric structure is an example of a Born geometry. Let us notice that, in our case, such a bi-Lagrangian manifold happens to be a Drinfel'd double as well, with an interesting overlap between the two structures.
To this, let us start by recalling that T * SU (2) is a Drinfel'd double with Lie algebra su(2)⋉R 3 . Such Lie algebra has a natural (symmetric, non-degenerate) pairing · , · such that su(2) and R 3 are maximally isotropic subspaces with respect to it. Moreover, su(2) ⋉ R 3 can be seen as a split vector space su(2) ⊕ R 3 , thus it can be naturally endowed with a para-complex structure κ, i.e. κ ∈ End(su(2) ⋉ R 3 ) such that κ 2 = 1 with su(2) eigenspace of κ associated with the eigenvalue +1 and R 3 eigenspace associated with the eigenvalue −1. The structures · , · and κ satisfy a compatibility condition
which defines a two-form ω on su(2) ⋉ R 3 . Summarizing, ( · , · , κ) related by the above compatibility condition define a para-Hermitian structure on su(2) ⋉ R 3 .
Since T (T * SU (2)) ∼ = T * SU (2) × (su(2) ⋉ R 3 ), we may read the structures ( · , · , κ) as defined pointwise on T * SU (2), giving, respectively, a left-invariant O(3, 3) metric η and an endomorphism κ of T (T * SU (2)) such that κ 2 = 1 which has T SU (2) (eigenvalue +1) and T R 3 (eigenvalue −1) as eigenbundles 5 (with a slight abuse of notation for κ). Again, one has a so-called fundamental two-form ω = ηκ on T * SU (2) coming from the compatibility of η and κ.
In order to understand the relation between the left-invariant para-Hermitian structure (η, κ) and the Riemannian metric (3.47), let us consider the (global) basis {α i , ϕ i } of left-invariant 1-forms on T * SU (2) with dual left-invariant vector fields {X i , Y i }. Then, the para-Hermitian structure (η, κ) on T * SU (2) can be written as
The fundamental two-form then reads as:
and the Riemannian metric (3.47) is written as
Note that the left-invariant Riemannian metric H 0 is the unique left-invariant metric such that left-invariant vector fields are orthonormal. So its appearance in the Hamiltonian is completely natural in the context of Lie groups. Therefore, from the above expressions it is easy to verify that
5 One may also say that π : T * SU (2) → SU (2) is foliated by SU (2) and R 3 . Note that, in this case, the foliation R 3 can be also seen as given by the canonical vertical subbundle V = T R 3 of T (T * SU (2)) defined as the kernel of dπ : T (T * SU (2)) → T SU (2). The other foliation may be obtained by a choice of the horizontal distribution such that horizontal vectors are left-invariant with respect to SU (2) , i.e. splitting the canonical short exact sequence
with the proper horizontal lift of left-invariant vector fields. A para-complex structure is naturally associated with such splitting.
These are the defining relations for the Born structure (η, κ, H 0 ) on T * SU (2). This is the canonical Born geometry induced by the Drinfel'd double structure, see [70] , [73] for details.
The deformed Hamiltonian H τ also gives a Riemannian metric on T * SU (2) and we shall see that such metric H τ is a B-transformation of the metric H 0 .
Let us consider the
such that the components of the tensor B are given by B ij = ǫ ij3 6 and τ ∈ C. Note that, for iτ real, the B-transformations in the form (3.51) close a one parameter subgroup of O (3, 3) , with the identity given by e B (0) = 1 and the inverse obtained replacing iτ with −iτ.
The Riemannian metric H τ , inverse of (3.38), is obtained by the B-transformation acting on 52) i.e. it has components
Furthermore, the left-invariant para-Hermitian structure (η, κ) is transformed under e B(τ ) . In particular, the only structure which changes under such transformation is the para-complex structure κ, i.e.
with κ τ still compatible with η, so that the fundamental two-form becomes ω τ = ηκ τ . In matrix form, the new almost para-Hermitian structure reads as:
where ηB ∈ Γ(∧ 2 T * R 3 ). Note that the new almost para-Hermitian structure still has T SU (2) as eigenbundle while T R 3 is transformed in a non-involutive distribution V τ whose sections are generated by vector fields in the formȲ i = Y i + iτ ǫ ij3 X j . We can easily check that the metric H τ gives a Born structure on T * SU (2) together with (η, κ τ ), for each value of the parameter τ.
We finally show that the the deformed current algebra defined in Eqs. 
Thus, the B-transformed Poisson structure reads as:
so that we may read the B-transformation e B(τ ) as a Poisson map between Λ and Λ ′ τ , both bivector fields on T * SU (2). Note that Λ is the Poisson structure on T * SU (2) obtained from the canonical (left-invariant) symplectic structure, as shown in Appendix A. If we simultaneously rotate the fields according to
which is nothing but the O(3, 3) transformation (3.30), we reproduce the current algebra of the fields I, K, i.e. (3.35), (3.36) and (3.37), upon identifying J ′ with K.
Finally, performing the transformations (3.52), (3.63) on the Hamiltonian (3.46) we recover the expression (3.42).
Therefore we can conclude by saying that the family of equivalent Hamiltonian descriptions of the SU (2) PCM, first found in [67] can be understood in terms of a one-parameter family of Born geometries for the target phase space T * S 3 , corresponding, for each choice of the parameter τ , to a specific splitting of phase space, with the value τ = 0 the canonical splitting.
4
Poisson-Lie dual models
From the Hamiltonian formulation of the SU (2) chiral model we have seen that it is possible to describe the dynamics in terms of the centrally extended current algebra c 2 = sl(2, C)(R). Therefore, as we have done for the rigid rotor, we shall look for a model whose target space is the dual group of SU (2). As previously anticipated, we shall see that the duality relation between the two models defined on the manifold of Poisson-Lie dual groups, is much more natural in the context of field theory. To this, it is worth recalling that the model described above is a Poisson-Lie sigma model, as we have shown in sec. 3.1.1.
Let us consider the Poisson algebra c 2 (with central extension), represented by Eqs. (3.35)-(3.37) and let us introduce another imaginary parameter α in such a way to make the role of the subalgebras su(2)(R) and sb(2, C)(R) symmetric. We consider namely the two-parameters generalization of the algebra (3.35)-(3.37)
which, in the limit iτ → 0, reproduces the semi-direct sum su(2)(R) ⋉ a, while the limit iα → 0 yields sb(2, C)(R) ⋉ a. For all non zero values of the two parameters, the algebra is isomorphic to c 2 , and, upon suitably rescaling the fields, one gets a two-parameter family of models, all equivalent to the Principal Chiral Model.
Since the role of I and K is now symmetric, we can perform a O(3, 3) transformation which exchanges the momenta I i with the fields K i , thus obtaining a new two-parameters family of models, which legitimately deserve to be called dual to the PCM.
yields, when applied to the Hamiltonian (3.40), the new Hamiltoniañ
with Poisson algebra:
The Hamiltonian can be recast into the form
having posedH
Alternatively, we can write:
where we have introduced the linear combinatioñ
and the inverse metric h ij (τ ) given by (3.41) naturally appears.
The metric (4.10) is Riemannian, with determinant equal to 1 and such that
(4.14)
From the Poisson algebra (4.6)-(4.8) we observe that the new family of models, which we call DPCM (Dual Principal Chiral Models), has target configuration space the group manifold of SB(2, C), spanned by the fieldsK i , and momentaĨ i which span the fibers of the target phase space. In strict analogy with what we have found previously, we could repeat step by step the analysis performed in section 3.1.1 and conclude that the DPCM are Poisson-Lie sigma models according to the definition we have given. Moreover, the two families are dual to each other by construction.
To conclude this section, let us observe that, in the limit α → 0 the dual current algebra collapses to the semidirect sum sb(2, C)(R) ⋉ a, with the Hamiltonian becoming a functional over the cotangent space T * SB(2, C).
In the next section we will approach the problem from a Lagrangian perspective, starting directly with a natural action defined on the Poisson-Lie dual of SU (2).
The Lagrangian approach
Following the approach that we have already used for the rigid rotor, it is natural, within the Lagrangian approach, to introduce fieldsg : (t, σ) → SB(2, C) and one-forms valued in the Lie algebra sb(2, C), in terms of which a natural Lagrangian can be defined on the Lie-Poisson dual to SU (2). The Hamiltonian will then be obtained by Legendre transform, together with a Poisson algebra which, not surprisingly, will result to be isomorphic to c 3 = sb(2, C)(R) ⋉ a. This new Hamiltonian will be related to the two-parameter family of dual models introduced above, through a B-transformation.
Let us look at the Lagrangian approach in some detail.
The action of the proposed model is a straightforward extension of the one in Eq. (2.32) to fieldsφ : (t, σ) ∈ R 1,1 →g ∈ SB(2, C), with Lie algebra valued left-invariant one-formsg −1 dg whose pull-back to R 1,1 is given by:
We have then: 16) where, as in the finite-dimensional case, T r stands for the non-degenerate product in the Lie algebra sb(2, C), given by (2.30), and the Hodge star operator acts as *
As for the finite-dimensional case, the action functional is invariant under left SB(2, C) action. The Euler-Lagrange equations
withX i (σ) the left-invariant vector fields over the group manifold andL the Lagrangian, may be rewritten in terms of an equivalent system of two first order partial differential equations, introducing, as for the SU (2) principal model, the currents:
The Lagrangian becomes then:L
and the equations of motion read:
with the latter a condition for the existence ofg ∈ SB(2, C) that admits the expression of the currents in the form (4.19). At fixed t, all elementsg satisfying the boundary condition lim σ→±∞ g(σ) = 1 form the infinite-dimensional Lie group SB(2, C)(R) ≡ Map(R, SB(2, C)), given by smooth mapsg : σ ∈ R →g(σ) ∈ SB(2, C) which are constant at infinity.
At fixed time, the currentsJ andÃ take values in the Lie algebra sb(2, C)(R) of functions from R to sb(2, C) that are sufficiently fast decreasing at infinity to be square-integrable. Therefore the tangent bundle description of the dual dynamics can be given in terms of (J,Ã), with A the left generalized velocities, whileJ playing the role of left configuration space coordinates.
The Hamiltonian description
Upon introducing left momentã
and inverting for the generalized velocities, one obtains the Hamiltonian:
andĨ J = (Ĩ j ,J j ), while the equal-time Poisson brackets can be derived in the usual way from the action functional (see appendix A) to be
yielding the equations of motion
The Poisson brackets (4.26)-(4.28) realize the current algebra c 3 = sb(2, C)(R) ⋉ a, which we have already regarded as the limit iα → 0 of the algebra (3.35)-(3.37). 7 7 Let us notice that, upon definingWi =Ji − 1 2 ǫiq3Ĩ q we have an equivalent description in terms of the
Similarly to the SU (2) PCM, the currents (J,Ĩ) may be identified with cotangent space left coordinates for T * SB(2, C)(R). However, differently from T * SU (2), T * SB(2, C) is not symplectomorphic to SL(2, C). Therefore, certainly the model cannot be given an equivalent description in terms of an SL(2, C)(R) algebra. However, it will be shown, in the next section, that the SB(2, C) PCM model can be related to the SU (2) PCM model through a B transformation of its Riemannian metric.
Dual Born geometry
Following the same approach as in Section 3.1.2, let us recall that a left-invariant para-Hermitian structure (η,κ) can be defined on T * SB(2, C), as discussed for T * SU (2), starting from its Lie algebra sb(2, C) ⋉ R 3 . Thusκ comes from the splitting of sb(2, C) ⋉ R 3 as a vector space and η is obtained from the duality pairing. The fundamental two-form of such structure is denoted byω.
According to what has been done in Section 3.1.2, let us start from the metricK 0 . It is easily verified that it is Riemannian, with determinant equal to 1 and such that
We consider the β-dependent B-transformation
with B ij = ǫ ij3 as before and β an imaginary parameter.
The Riemannian metricK β , can be obtained by the B-transformation acting onK 0 :
. still compatible withη, so that the fundamental two-form becomesω β =ηκ β . In matrix form, the new almost para-Hermitian structure reads as:
and Poisson algebra
where ηB ∈ Γ(∧ 2 T * R 3 ). The new almost para-Hermitian structure still has T SB(2, C) as eigenbundle while T R 3 is transformed in a non-involutive distribution V β whose sections are generated by vector fields in the formȲ i = Y i + iβǫ ij3 X j .
Let us compare these findings with the dual models constructed in the previous section. We find that that the metric (4.38) is equal to the one obtained in Eq. (4.10), for the following values of the parameters
In terms of the new metric one thus obtains:
which, for the choice of the parameters (4.41), is identical to the Hamiltonian (4.9) which we have obtained by duality from the PCM SU (2) model.
Notice however that, in order to obtain this as one of the dual models constructed in section 4, we should not transform the Poisson algebra, as in section 3.1.2, namely, we are not allowed to rotate the fields accordingly. In other words, the duality relation found above between the SU (2) PCM and the SB(2, C) PCM, cannot be regarded as a O(3, 3) transformation of phase space coordinates.
Summarizing our findings, the natural SB(2, C) PCM model constructed in the Lagrangian approach, has an Hamiltonian formulation given by the Hamiltonian (4.24) and the Poisson algebra (4.26)-(4.28). Alternatively, it can be described according to footnote [7] , where the Hamiltonian is the same as in Eq. On the other hand, the models which we have obtained in Section 4 by performing a Tduality transformation of target space, namely an O(3, 3) rotation, are described by either of the two Hamiltonian functions cited above, but with Poisson algebras exchanged. The meaning of this new duality relation is presently under investigation.
Double principal chiral model
In the previous section we have succeeded in describing the Principal Chiral Modelof SU (2) in terms of currents whose Poisson brackets furnish a realization of the affine algebra of the group SL(2, C), hence exhibiting a larger symmetry than the original Lagrangian approach. Moreover, we have defined a natural model on the dual group of SU (2) and we have exhibited a transformation which relates the Riemannian metrics of the two models. It is therefore legitimate to look for a Lagrangian and an action with a manifest SL(2, C) symmetry.
The Lagrangian formalism
This is achieved by extending the SL(2, C) action for the Isotropic Rigid Rotor reviewed in Section 2.2 to field theory. Hence, let us consider the group valued field:
and let us introduce the left-invariant Maurer-Cartan one-form γ −1 dγ whose pull-back to to R 1,1 reads as:
which takes values in the Lie algebra sl(2, C). As previously, we shall not specify the pull-back from now on, unless necessary. Hence, upon using the Lie algebra basis e I = (e i ,ẽ i ) as in section 2.2, one has:
2)
withQ I , Q ′I , left generalized coordinates, respectively given by:
with Tr the Cartan-Killing metric of sl(2, C). Moreover, as already done in Eqs. (2.45), we can use the product (2.12) to project the fiber coordinates along the bialgebra summands su(2) and sb(2, C), according tȯ
The Hodge operator applied to the Maurer-Cartan one-form (5.1) exchanges the currentsQ I and Q ′I so to give:
We therefore postulate the following action functional:
which is the natural extension to field theory of the action introduced for the rigid rotor in Eq.(2.44). Upon introducing k = k 1 /k 2 , the Lagrangian density is rewritten in terms of the left generalized coordinates
Recall that η (Lorentzian) and H (Riemannian) are the left-invariant metrics on SL(2, C) induced, respectively, by the pairings 2ImTr() and 2ReTr() on sl(2, C). They are two of the structures defining a Born geometry on SL(2, C).
The Euler-Lagrange equation for the Lagrangian density (5.9) are:
with X J the left-invariant vector fields on the group manifold of SL(2, C). Before passing to the Hamiltonian description, let us stress that the generalized action describes a kind of non-linear sigma model with target space SL(2, C), hence with doubled dimension with respect to the previous models. Because the model only contains the currentsQ J , Q ′J , as previously we can read the latter as the tangent space coordinates of T SL(2, C)(R).
The Hamiltonian formalism
According to the remark made at the end of the previous subsection, the Hamiltonian model will be interpreted as a model over the cotangent space T * SL(2, C)(R). In order to obtain the Hamiltonian of the system, the canonical momentum is computed:
Let us recall that the matrix (k η + H) IJ is invertible for k 2 = 1 and its inverse is
Therefore, the Legendre transform of (5.9), obtained by inverting (5.12), gives:
whereas we have for the Poisson brackets (see appendix A)
and we have renamed Q ′I → J I . The equations of motion read then as:
Recovering the Chiral Model on T SU(2)
Let us prove that we can recover the action on of the Principal Chiral Model on T SU (2) with an appropriate gauging of the global symmetries of the generalized action.
Let us recall that
can be projected along the two Lie algebras according to
We notice that, fixing the decomposition γ =gg, withg ∈ SB(2, C) and g ∈ SU (2), for any element γ ∈ SL(2, C), the action (5.8) has manifest global symmetry under left action of SB(2, C), called SB(2, C) L , and SU (2) R , the right action of SU (2). We let the SB(2, C) L symmetry become local, so we can introduce the connection one-form C = C iẽ i on the principal bundle R 1,1 × SB(2, C) → R 1,1 so that its pull-back (along any section) to R 1,1 reads C t iẽ i dt + C σ iẽ i dσ, which takes values in the Lie algebra sb(2, C). Hence we modify the left-invariant one-form with the covariant derivative D = d + C:
and define
where 27) and similarly
In terms of the new degrees of freedom the generalized action (5.8), with the gauge connection added, reads as:
(5.31) On performing the following transformationŝ
while U i , Z i remaining unchanged, one gets for S C the following expression:
The Wick-rotated generating functional of the gauged theory reads then as: 35) with S E C the Euclidean gauge action, and we can trade the integration over C t , C σ by an integration over the fields U i , Z i
For −1 ≤ k ≤ 1 the last two functional integrals can be performed yielding:
Similarly, the Jacobian determinants appearing in (5.36) are constant, because the gauge transformation only involves constant matrices (see [66] for details). Therefore, up to a regularization factor which has to be introduced to take care of the volume integration over the group SB(2, C), we are left with 
with g ′ ∈ SU (2), so we explicitly have the derivation of the model on SU (2). Gauging the other symmetry, we obtain the model on SB(2, C) as we discussed for the Isotropic Rigid Rotor, see [66] for details.
Conclusions and Outlook
Starting from an alternative description of the Principal Chiral Model given in refs. [67] , [68] and [69] , this has been revisited along the same lines as the Isotropic Rigid Rotor with the aim of further deepening its geometric structures. Actually, a very rich geometry emerges out from our analysis. The SU (2) PCM has been studied both in the Lagrangian and Hamiltonian approach with the introduction of the Poisson algebra of currents, which is the affine algebra su(2)(R) ⋉ a(R). We have first of all shown the existence of a whole-parameter family of equivalent Hamiltonians and this result is interpreted in terms of Born geometry. Performing O(3, 3) duality transformations of the target space phase has generated a family of T-dual models in the Hamiltonian formalism and the corresponding target space configuration is resulted to be the group manifold SB(2, C), the Poisson-Lie dual of SU (2) A further extension of this model can be given adding a Wess-Zumino term [79] . This could provide a deeper insight, among other things, on the geometric structures of String Theory on AdS 3 , the study of which is interesting from the point of view of the AdS/CF T correspondence since it enables to study the correspondence beyond the gravity approximation [80] .
Last but not least, all what we have learnt from this model could be further extended to the world-sheet string action. In this case, a manifestly O(d, d)-invariant action may be written, considering that the configuration space is no longer a Lie group, but a differentiable manifold. It would be interesting to follow this way, in which O(d, d)-invariance is implemented writing a doubled string action, as discussed for Principal Chiral Models, and then performing the low energy limit. This limit result should reproduce all the results so far obtained in Double Field Theory.
A Appendix: Poisson brackets
In this appendix we derive the current algebras We thus obtain We thus obtain
, u ν (σ ′′ )} = 0 or {g(σ ′ ),g(σ ′′ )} = 0 (A.14)
On usingJ i (σ) = g −1 ∂ σg , e i = u 0 ∂ σ u i − u i ∂ σ u 0 + f ik j u j ∂ σ u k we compute Finally, we derive the Poisson brackets (5.14)-(5.16) for the sl(2, C)(R) current algebra. Upon defining I = − i 2 I I e I * with e I * (e I ) = δ I J , and recalling that γ −1 dγ = 2iζ K e K , with ζ K the SL(2, C) left-invariant one-forms, we have for the canonical one-form .17) so that
The Poisson structure is thus
with X I (σ) the left-invariant vector fields which are dual to the one-forms ζ I (σ). Observing that 
